Hadrons: Homework 2

Prepared by: Luis Manuel Martinez

Last Update: December 6, 2025



Q1 Collider Design

Questions:
Compute and estimate the following:

a) Relativistic Acceleration

Compute the kinetic energy required to accelerate a particle:

e a proton from v = 0 to v = 0.99¢ and v = 0.99¢ to v = 0.999c.

e an electron for the same speeds.

b) Synchrotron Radiation Power

Estimate the power needed to maintain a stored beam in the storage ring:

e a 6.8 TeV proton beam in the LHC (Rppc = 4.3km, 1240 bunches, 1.6 x 10!
protons per bunch).

e an 18 GeV electron beam in the EIC (Rgc = 614m, I = 0.26A).

Use the radiation formula:

c¢) Collider vs Fixed Target

Find the proton beam energy required to reach a center-of-mass energy /s = 14 TeV
for:

e colliding beams.

e a fixed-target experiment.

Explain why the fixed-target setup is inefficient compared to the collider.

Solutions

a) To compute the kinetic energy, we can start with the Work-Energy theorem to compute
the necessary force to accelerate the particle.

W:/ﬁ-df.

The catch here is that we are going to use the relativistic 3-force, with F= % (ym7)

with v being the Lorentz factor \/172, a function of speed v. The result of this integral
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is precisely the amount of Kinetic energy necessary to accelerate the particle. We also
assume that the force is parallel to the final direction of motion of the particle.

K = /F dx—/ (ym?) dz,
dx
/ pp (ymv) T dt,

vz
—/ E(vmv)vdt.

U1

Now integrate by parts using [udw = uw — [wdu. We can identify u = v, du =
L dt = dv, and dw = & (ymo) dt, w =

2 U2 v2
muv mu
K=—°—| - —dv
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c c
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muv
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= + mc /1 - ,
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U2

= mc* [y(v)]

U1

=mc? [y(va) — y(v1)] -

Now, with the mass of the proton being m, = 0.938 GeV/c?, we can compute the
Kinetic energy for each case.

e From v =0 to v = 0.99¢:

K = (0.938 GeV)

] = 5.711305 GeV.
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e From v = 0.99¢ to v = 0.999c¢:

1 1
V1—(0.999)2 /1 — (0.99)
It takes nearly 2.5 times more energy to accelerate a proton from v = 0.99¢ to v =

0.999¢ than it takes to accelerate it to v = 0.99¢ from rest. For an electron (m, =
0.5110Mev/c?) this ratio will be true, but with different energies:

K = (0.938 GeV)

] = 14.330257 GeV.

e From v =0 to v = 0.99¢:

K = (0.5110 MeV)

1 B 1
V1-(0992 /1-(0)2]

| K =3.1113 MeV].

e From v = 0.99¢ to v = 0.999¢:

K = (0.5110 MeV)

1 1
JI— (09992 /1— (0.99)2] '

| K = 7.8067 MeV |

b) We start with the radiation formula, and we manipulate it as following:

626L2’}/4 62’)/41)4

Pra = - )
d 67T 6 R2
B 2 (m2721)2)2 B 2 (E2 o m2)2
- 6mR2m* 67nR2mA

Where we first substituted a = %, and then we combined the quantity ymuv into the
relativistic 3-momentum p. Then, we used the energy-momentum relation £? = m?+p?.
And now, we can consider the ultra-relativistic regime, where £ > m. And drop the
mass term. Now, consider the fine-structure constant a = %, and substitute it in the
expression:
P e? Bt 20 B*
T 6 R2mA  3mAR2

Now, the energy lost per turn can be computed using this result:

2R
Avaelr turn — radAt = Prad7~

These result consider the radiated power and the energy lost per turn for a single
particle. We can then solve for the Power to maintain a stored beam in the EIC using
electrons. To compute for the whole beam, we need to basically count the number of



electrons. Because we are given a current I we can just multiply AU by it and divide
by the charge of a single electron:
1 20F* 27 RI
P=AU-=——>—.
e 3m*R? ce

Now we can start substituting known values. We will use :

me = 0.000511 GeV, E =18 GeV,
I=026A, |e]=16x10""C,
R =614 m = 3111.138 x 10°GeV ",

1
1GeV?2 =243 x 10" W, a0 = —.
¢ . 4T 137

Leading to the final result:

b ( 2 (18 GeV)"* 2.43 x 10™ W)
(137)3(0.000511 GeV)* (3111.138 x 1015CGeV~")* (1 GeV)?
y ( 27(614 m)(0.26 A) )
(3 x 108 m/s)(1.6 x 10~ C) /’
= (1.880 x 1077 W) (2089682713.412) = 3930453.534 W ~ 4 MW.

[P =4MW]|

Now, we can compute the LHC version with protons. Because we weren’t given the
current this time, we will use the number of bunches and protons per bunch to compute
the required power. We have that I = é\; =, where N is the total number of particles,
ie. N = (1240)(1.6 x 10") = 1.984 x 10'* protons. In the previous computation, we

used é to account for the full beam. Here, é = 2];[ %. Combining this result with AU:

2rR Nc B
¢ 2rR

I
P=AU-= rad PragN.
(&

Finally use the following set of data:

m, = .93827 GeV, E = 6800 GeV,

R =14300 m = 2.177 x 10"%GeV !,
1

1GeV? =2.43 x 10 W =
e X , « 137

and get the final result as:

P 2 (6800 GeV)* 2.43 x 101 W
(137)3(0.93827 GeV)* (2.177 x 109Gev—")? (1 GeV)?
= (6.883 x 107" W) (1.984 x 10'*) = 1365.5872 W ~ 1.4 kW.

P=14kW|

4
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c) Let’s analyze the colliding beams case first. We can choose a representative from each
beam (a single proton), and analyze the relativistic kinematics:

p/f = (Elaﬁl) = (E,ﬁj,
pg = (E27ﬁ2) = (E’ _ﬁ)'

Where the momentum is equal and opposite because they are going to collide with each
other and we assume the same energy is given to each beam. Recall E; = m? + p?.
Now, we compute s = (p; + p2):

5= (01 + 22 = (B.7) + (B, )
= (2)"

gV

5
We want /s = 14 TeV, so the energy is just half of this quantity:

[E=7Tev]|

Now, let’s consider a target at rest and a single representative of the proton beam
colliding with it:

plll = (Eluﬁl) = (E715>7
pg = (EQaﬁQ) = (mpa 0)

Computing +/s:

s = (p1+p2)® =pi + p3 + 2p1 - pa,
= pl 4 p3 + 2(E1Ey — Py - Pb),
= 2m? + 2(Em,, — 0) = 2m2 + 2Em,,

. 2
S 2mp S

~
~

..E:

2m,, 2m,,’
With m, = 0.000938 TeV, we have

196 TeV?
2(0.000938 TeV)’

And finally:

| E = 104477.61 TeV |,

We can see that because in the target version the invariant /s scales with the square
root of the energy, it requires more energy form the proton beam to achieve the same
14 TeV than in the two proton beam case.



Q2 Fermi Golden Rule

Questions:
Follow the class notes on time-dependent perturbation theory.

a) Drive the Fermi Golden rule for a time-dependent perturbation with an adiabatic

switch-on: B
V(t) =™V,

for n — 0T,
b) Energy shift and Decay. Derive the energy shift and decay rate formulae

’VmiP

Ap=Voo+ > Pprp—,
m=£0 0 m

2m 9
[=—2A; = - %% Vi 20 (Eo — E).

Explain the unitary condition.

Solutions

Notation. Following the class notes conventions, expressions such as dg,_g, Or cpxo are
shorthand for 0(E, — Ey) and ¢, with n # 0, respectively. In the calculations below, such
subscripts on § or ¢, indicate their arguments or conditions, not tensor indices.

a) Fermi Golden Rule.

We start with a perturbation on the Hamiltonian:
H — Ho + V(t)
Time dependence probing (V(¢)) on the Hamiltonian.

HO |n> = En |7’l> )
n(t)) = e n).

We expand the eigenfunction as a linear combination of perturbed eigenstates.

[(8)) =D n(t)) (n(D)](t)
= ca(t)e " n)



Using the Schrodinger equation for the new states:
0, [¥(t)) = (Ho + V) |1(1))
Z(Encn +icy)e "t n) = Z(E” + V)epe Ert|n)
: Z icpe Ent n) = zn: Ve,e Bt n)
ol = i ie”fnmtvnmcm :

Enm = En - Em
Vo = (n|V]m) .

In vector notation, ¢, — ¢:

The interaction picture emerges naturally, where V; is the interaction version of V' as
a matrix. But how is the equation solved?

— —i [tay -
C=c¢e ZfdtV[CO

g— Te "V,
but [V;(t), V()] # 0. Time ordering is necessary:
& — Tt dVilt)g,

Going back to the differential equation:

cn(t) = ¢, (0) —i/ At (VD) () e (1)

cm(t') is the full solution. WE can iterate order by order. Let us fix the Initial condi-
tions:

¢n(0) = 0,0 Ground State
enlt) = Bo — i / At (Vi)oo + (—i)? / at’ (V) (t) / At (V)wo(#) + . .
enlt) = Go — i / ar (Vf)no+%(—i)2 / At (V) () / At (V)mo(#) + . .

We can change the integration limits of the last integral by noting that the integrated

region is a triangle in the t” — ¢ plane. As t” cannot go further than the value of #/,
because t' itself is bounded by t. In figure 1, we see that the triangle’s up-most point
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Figure 1: Integration Region.

s (t',t") = (t,t'). But if we let the integral region cover the whole rectangle, we can
change the limits of both variables from 0 to t. And divide by 2, as the square is double
the original integration region. This is illustrated in figure 2. Before, we had a clear
picture where t” < ', it was naturally ordered. But now that we have changed the
integration limits, we must impose the ordering ourselves:

/ LA Vi) / " v - / a / At TV, (Vi ("))
T{e~t/ Vi) = Z {/ dt’VI/ dtQ...}

Here, T is the time order operator that imposes the ordering:

A(tl)A(tz) if t1 >ty
A(tg)A(tl) if to > 1.

T{A(t1)A(t2)} = {

Therefore we can write all terms in the following manner:

R —i)n ! !
T{e—zfdtVI(t)}HZ(n') T{/ dtllv}(t'l)/ dtlg‘/l(té)}

n

The Fermi Golden Rule can be obtained already from leading order correction

t
en(t) & Go — i / at' (Vi)

We start with )
V(t) =0(t)V.

Where 6(t) is the itep—function, indicating where the perturbation started. In this
case, t = 0. And V is the time-independent perturbation applied after switching on
the perturbation.



Figure 2: New integration Region.

If final state n # 0:

Probability can be defined:

_ 1 .
L engol® = [Vaol* g let ot — 12
EZy
_ 4 E ot
2 ) n0
= |Vn0| E—’,%OSIH ( B )
t— 00 = |Vn0|2[27T5En—Eo]t

Fermi Golden Rule:
[y = transiti = Ly =
i = transition rate = dt\cf] = |Vl 2705, &,
I'= Zrl_)f = Z H_/fi‘22776Ef—Ei
f f
:/dEfDEf|Vfi|2(27r)5Ef—Ei

Where Dg, is the density of states. And it is integrated for a continuum of final states.



Now, let use an adiabatic switch-on e instead of a step function.

V(t) = eV, t— —oo,n—0"V =0

t
&P — —z'Vfi/ dt’ P B e vy = (fIV i)

_ Vii o i(Epi—in)t
C? = 5fi
2nt
(1) 12 €
c'l o Vil —=———
|f| ’f’(Eif)2+772
d
L= &]cgpﬁ for large t
_ 277
— Vz 2 627]t
77—)0

’Vﬁ’QQﬂ'éE —Ey-

To understand the last two lines, consider the Principal Value Py relation:

1 1\ .
vrw v (E) —imo(w)

1 -0 26
—2-Im(x+i5> ——2~x2+62 = = 2md(x)

as 0 — 0. The same Golden Rule is derived without trouble by using the previous
results and considering a continuum of final states:

I = / dE; Dg, |Vl (27)05, -k

b) Start by considering second order Effects:

0
D_vy A;ei(Eﬁfin)t
1 Eyi +1in
0;2) _ Z an/Vn/i _i(Epi—2in)t
(B — 2in) (B + in)

Analyze when final state goes to initial state, in terms of energy.
=i
e 1o
Cf%i ~1-— z%i;e" +

_ 1
(—i)2|‘/ii|22—2€2nt+
n

_ 1 1
. Vo P ot
1%] | Em'+i772776
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Where ), means that n’ # ¢. When n — 0 then cj~; — 00. As n — 0, ¢y; diverges.
To find a way out, take the time derivative:

— — 51 - 1
Epovi = —iVie™ 4 (=i VP e — i3 [V [P
- (I =i Vi gy

Still diverges as n — 0, so now take the ratio gi

—1

C'f%i _iviient + (_i)2|‘7ii|2%62m - iZn’ |Vin’|2Em,1+7;n€2nt

Cfi 1-— i‘zi%e"t + ...

_ _ 1
~ =iV — i Y Vi
! ! %: | | Eiv +1in
Where we have used the following argument for small z:

1
1+=z

(z + 2?) ~(l—z+.. o+t =o+? -2 +2¥~2—2°

Now is safe to take n — 0, all divergence terms cancel. This means that % In(cp;) is
finite, therefore 0}1? ‘., is proportional to e At

, d
—iA = T In(cy;)

_ _ 1
A:V;z ‘/in’2 =A A
+;| |Ei—En'+i77 s

J/

~-
Complex quantity

_ _ 1
— ‘/ E ‘7 2
AR : ’ | " | P (Ez En/ ) ’

n

—QAI == 27’(’2 |‘7m'|25E¢*En/ =T.

Where I' is the width, as dictated by Fermi Golden Rule. And Ap is the energy shift.
|chl? = leTAH2 = 281 5 1 4 2At

This is the probability of ¢« — f ~ i:

f=n'#i n

And this is the probability of i — f = n’ not equal to i.

|C?%i|2 + Zri—m’t =1.
n/

11



The probability of not having n’ as a final state plus the probability of having ¢ as the
final state should add up to 1. And unitary operators will preserve the probability.
Unitarity of time evolution requires that

Dol =1
7

The imaginary part of the energy shift controls how much probability amplitude is
“lost”. As in, we have a certain probability of staying in the same state (f — i), but
as we say, some of this energy shift is imaginary and therefore introduces a negative
exponential decay. This leak is picked up by the probability of moving to different
final states which should match the sum of transition rates into all other possible
states. Exactly what the Fermi Golden Rules is talking about. Therefore, the unitary
condition requires exactly that I' = —2A;.

12



Q3 Baker-Campbell-Hausdorff Formula

Questions:

a) Show that

e A Bett = I—'C [B; A, n]
n:
n=0

with
(7[13;f47nlzz Kj[lg;f47n’__1]7fﬂ
C[B;A,0l = B.

b) Given that
Z(z) = V@,

prove that

dz = 1 dw
Z1= = : .
dz Z(n—i—l)!Cldx’VV’n}

¢) Apply the result in b) with

Z(z) = e"e?,

n=1
Show the leading order results:
W, =A+ B,
1
L@E = §[f47Z3L
1
W3 = IE[L4713]7(13'_'f4H'

Solutions

a) To show the formula, we expand each exponential:

et = FA’ e A:Z(—l) — A"

n=0 n=0

13



And we substitute into the left-hand side:

3 IL"2 ZL’3
e " Bet = (1—xA+ A% — 'A3+...)B(1+mA+§A2+§A3...>,

3
— B+ 2BA+ %BAz — 2AB — 2*ABA — %AB/P

2 3 4 3 3
+ %AQB + %AQBA n %AQBA2 _ %A?’B + X a3,

3!
a? 2 2
:B+x(BA—AB)+§(BA —2ABA+ A®B)

+3 (BA3 3ABA®* + 3A°BA — A’B) +

Let’s analyze each power of x separately:

e °: This is just B.

o !
BA — AB = [B, Al.
o 12
BA? —2ABA + A’B = BAA — ABA — ABA + AAB,

= (BA— AB)A — A(BA — AB),
= [A, B]JA— A[A, B],
= [[A4, B], A].

° 333'

BA3 —3ABA? +3A%BA — A’B =

= BAAA — ABAA — ABAA — ABAA+ AABA+ AABA+ AABA — AAAB,
= BAAA — ABAA — ABAA+ AABA — ABAA+ AABA+ AABA — AAAB,

— (BA— AB)AA — A(AB — BA)A — A(BA— AB)A — AA(AB — BA),

— [B, AJAA — A[B, AJA — A[B, AJA — AA[B, A,
([B, AJA — A[B, A])A — A([B, AJA — A[B, A)),
(B, A], AJA — A[[B, A], A],

[[[B, A], A], A].

We can see that we can build the operators on each power of = recursively.
solution suggests, we can define C[B; A, 0] = B and build recursively:

C[B; A,0] = B,

C[B; A, 1] = [C[B; A, 0], A] = [B, 4],
C[B; A,2] = [C[B; A, 1], A] = [[B, A], A,
C[B; A,3] = [C[B; A, 2], Al = [[[B, A], A], A],

C’[B;A,n]‘ = [C[B; A,n — 1], A].

14
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Therefore, the result is:

e Bet =3 OB An] |
n.

n=0

b) To prove the relation, we identify Z=! = ¢~ and expand it and Z into Taylor series
as in part a):

dz
Z77 1= =

dx
B 1, 1. d 1, 1.
_(1—W+§W —gw —i—...)a(l—i-W—i-ﬁW —|—§W +...],

— 1 2 1 3
_(1—W+5W - W +...)><

dw 1 (AW Aaw\ 1AW, AW L, dW

:W-l—%(%W+W%)+%(%WQ+W%W+W2%)+

- %—%(W%W+W2%>+%WQ%+...,

+% ((Z—Z/WZJrWC}i—Z/WqLWQiI—Z/—3W3—Z/W—3W2(Z—VZ+3W2(Z—VZ) +..
:C}j—Z/Jr%(CL—Z/W—Wi—Z/)Jr%(C}i—Z/WZ—QWi—Z/W+W2i1—Z/>+--..

As before, we can analyze each group of operators, but now they have an inverse
factorial:

e 1: This is just 4%

Sl Ce

15



1.

.5.

daw dW 2dVV
- —9 -
dx W W dx w+Ww dx
= MVVI/V WdWW WdWW%—WWﬂ
dx dx dx dx’
dWw dW dw dW
(de Wd )W_W(d W—Wa>,
AW wlw_w dWw W
dg dz
dw
- H—’W} ),
dx
As before, we can deduce a pattern recursively:
[dW _dw
C|— WO = —
| dx da’
C dWWl =|C M;T/V,O W = d—W,W ,
dz dz dz
CﬂW2:CﬂW1 W = dW,W,W,
| dx dz dx
C[d—W;W/,n]:[C’{dWWn ],W}
dx
But, we see that the factorial has shifted. The first term is <+, the second =+ instead of

11 Bk

starting at g;. Therefore we can write the result as:

vl

oo

1
:g(nﬂL

dW

dz
Z7 1=
dx

dx

;W,n}.

c) Let’s start by substituting Z(x) in the left-hand side, and W (z) in the right-hand side:

e RHS:

dz
7 1=
dx

wade

dezA xzB
( dx dx ) ’
eszefo (exAszB + exABexB) ’

efxBAexB + ef:EBBexB — efxBAexB 4 B,

— e—xBe—xA exB te

N LClA; B, + B,
— n/

2

— A+ B+[A B+ %[[A,B],B] +

16



o LHS: If W(x) = Zzo_l "W, then
Zx"W = an"—lwn.
dx T dr ( ) ~

{dW

o

o
:W1+2£L'W2+3£L’2W3+...

d 1 [d
;W,n}z W {W

,wth
:0 n+1

n

1
+ B (x[Wle] + 2 [Wy, Wa] + 22 [Wa, W] ) ;

:W1+25(7W2+3172W3—|—
1
+ 5 (—l'z[WQ, Wl] + QZ'Q[WQ, Wl] - )

= W1 + 2$W2 + 337 W5 + [Wg, Wﬂ
= W1 + SE(QWQ) + 232 <3W5 + = [WQ, Wl])

We match LHS with RHS by grouping powers of x:

° A+ B=W;.
| A B =2Ws, W= %[A,B].
%[[A, B|, B| = 3W; + = [Wz, wil,
%[[A,B],B] N [[A Bl A+ B,
%mahwﬂm+nAmﬂ+ﬂAmm,
HIA.B], B) = 3W + 1[4, B), 4],
EMAB«m—w4m¢m=3wa
L4 BB 4) =W,
Therefore, the leading order results are:
W= A+ B,
W= 5[4, B),

1
Wy = 5[4, B], (B — A)].

17



Q4 Bogoliubov Transform and Quasiparticles

Questions:

a)

Starting with the bosonic operators satisfying
[a,a'] = 1.

Consider the generator () and the similarity transformation operator U(0)

1 2
Q=3 (a*= (@), U®) =
Derive the following:

A(f) = U 'aU = acosh(f) — a' sinh(h),
A0)' = U a'U = a' cosh(#) — asinh(h),

and that
[A(6), AT(6)] = 1.

Show that the RPA vacuum
0°(0)) = U(6) ]0)

is annihilated by A(6):
A(0)10°(9)) = 0.

Consider the quadratic bosonic Hamiltonian
A 2
———— = (42 T
H =wad'a + 5 <a + (a') )
Compute the RPA vacuum energy
Eo(0) = (0'(0)|H10°(6)) -

Treat 6 as a variational parameter and find the stationary condition for § =

OEy(0)
06

0= 1 tanh ™! (é)
2 w

Plug this back into the Hamiltonian to show that

=0,

and show that

H=QATA+E,

where

— -
Q=+Vw? - A2 E:—w2 )

The interaction term is “transformed” away. Discuss what happens when w? < AZ.

18



Solutions
a) Using the formula derived in Question 3 part a), we can compute A(f) and A(6):
A(9) = U’laU = e 99uef?,
QTL
=2 Cla@.n].
n=0

So we are left computing Cla; @, n] for some n, and find a pattern.

Cla; Q,0] = a
Clas @.1] = [Cla: 2, 01,@] = [0.Q) = 5 ([.6] = [ (@))7])
= % (la, d)a + ala, a] — [a,a']al — a'[a, a']),
1
- 5(—@* _ aT) - —aT,
Clo; @.2) = [Cla: .2}, Q) = [~a', @] = — ([a'.?] ~ [a",(a)7])
— _% ([a',ala +ala',a] — [a',a']a" — a'[a', a'])
1
= —é(—a —a) =a,
a; Q ]7Q] = [a>Q] -

a; Q73]7Q] = [_GT,Q] = a.

Where we have used that [a,a'] = 1 and [a,a] = [a',a'] = 0. Plugging this back into
the previous result:

We can see that the infinite sum splits into even and odd powers of 8, and that on each
one, we can factor the operator:

62 64 6 63
. —af i
Aoy =a (1 G ) ().

We identify the Taylor Series for cosh(#) and sinh(#):

> 92k e 91+2k

cosh(6) = Z 20 sinh(6 Z L
0

0

A() = acosh(f) — a'sinh() |

19



We can follow a similar procedure to find A(#)%, or just apply the Hermitian adjoint to
the last result:
A(0)" = (acosh(f) — a' sinh(9))T,

leading to

A(0)" = a' cosh(#) — asinh(h) |.

Now, compute the commutator between A(#) and its Hermitian Conjugate:
[A(6), A(0)T] = [acosh(#) — a sinh(#), a' cosh(#) — asinh(h)],
= cosh?(f)[a, a'] — cosh() sinh(0)][a, a],
— sinh(6) cosh(6)[a', a'] 4 sinh?(0)[a, a],
— cosh?(f) — sinh?(6).

Where we have used the commutations relations of a and a' as before, and we can use
the well know hyperbolic relation to conclude that

[A(0), A@®)'] =1}

b) To solve this problem, let’s write A(f) as used in part a) and apply it to the RPA
vacuum:
A0)0'(0)) = (U™"al) (U']0))
— ULaUU|0),
=U"'al0).

Annihilation operators acting on the vacuum map it to zero, therefore

A(6)|0°(0)) = 0] (1)

¢) Let’s compute directly the RPA vacuum energy:

= (0'(0)[H]0'(0)) ,
= (0|UHU'|0),

:<0
:<0 0>.

Where we have inserted / = U~'U in the middle of the a/a’ operators. Now, notice
the following:

Ey(0)

A A
wUa'aU™ + EUCFU_I + EU(aT)2U—1

o),

A A
w [Ud'U Y UaU™" + E[UaU‘l]UaU‘l + 5[UaTU—1]UaTU—1

A(0) = Ut alU = e %%aef?,

Let 0 — —0,
A(—0) = "%ae™9,
SA(=0) =UaU™
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And apply it to the previous line of results:

Ey(0) = <0‘wA(—0)TA(—0) + %AQ(—H) + = (A(-0)1)?

Now, let’s analyze the effect of A(—6) and A(—6)" to the vacuum:

A(—0) 0) = (cosh(—6)a — sinh(—6)a') |0},
= —sinh(—0)a'|0),
= sinh(0)a' |0),

(0] A(—=6)" = (0] asinh(8),

A(=0)"|0) = (cosh(—0)a’ — sinh(—6)a) |0),
= cosh(—0)a' |0),
= cosh(0)a' |0),

(0 A(=0) = (0f a(cosh(0)),

Where we used the fact that sinh(—z) = —sinh(z) and cosh(—xz) = cosh(x). We
continue:
Ey(#) = (0|wsinh*(f)aa’ + Asinh(6) cosh(#)aa'|0),
= (wsinh*(9) + Asinh(0) cosh()) (0]aa’|0),
= (wsinh®() + Asinh(6) cosh(6)) (0|[a, a'] + a'a|0)
= (wsinh?(#) + A sinh(6) cosh(6)) (0|1(0)

= wsinh?(#) 4+ Asinh(6) cosh(d).

Where we have done [a,a'] = aa’ — a'a = 1 in the last couple lines. Now, take the
derivative with respect 6 and equate to zero:

OEqy(0)
0

= 2wsinh(#) cosh(#) + A(sinh(x)* 4 cosh(z)?),
= wsinh(26) + A cosh(20) =0,
Where we used the double angle hyperbolic formulas:

e” = cosh(z) + sinh(x),
e** = cosh(2x) + sin(2z) = (cosh(x) + sinh(z))?,
= cosh(z)? + sinh(z)” + 2sinh(z) cosh(z).

(SRS eSSl \\e continue solving
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for 6:

wtanh(2§) +A =0,
— A
tanh(29) =-"

0= ltaunh’1 (—é) .
2 w

f = —ltamh’1 (é> )
2 w

Using that tanh™'(—z) = — tanh ™' ().

Lastly, we plug in 6 back in H. But to do so, we need to write a/a’ in terms of
A(0)/AT(9). We can write the relation as a matrix equation:

()= (ot i) (o)

Now, we find the inverse of the matrix, and find the inverse relations. Notice that the
determinant of the matrix is 1.

a\  [cosh(d) sinh(f)\ [ A

a’ )~ \sinh() cosh(#) )\ A" )
We substitute in the Hamiltonian, and evaluate at §. We will use ¢ = cosh(f) and
s = sinh(0):

Finally, we get that

A
H = wad'a + E(CLQ + (a")?),

= w(sA + cA)(cA + sAT) + %((CA + sAN2 + (sA 4 cAT?),

~—

(sc(A? + (A1)?) + sPAAT + PATA) + = (P A% + s*(AT)? + es(AAT + ATA))+

I
&

| >

(s2A% + P (AN? + cs(AAT + ATA)),
(sc(A% 4 (A1)?) + s2AAT 4 P ATA)

+
£ | >

+ —((® + 5%) (A% + (AN)?) + 2cs(AAT 4 ATA))

vl [

Analyze the coefficients, here we will evaluate at 6:
o A2 4 (AT)Q:

wsc + %(02 +5%) = gsinh(ﬁ) + %cosh(?@),

- sinh (— tanh ™! (é>) + é cosh(— tanh ™! (é) ) )
2 w 2 w

_E A +é w =0
2Vr — A2 2R A?
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e ATA:

Acs +wc? = %sinh(?g) + g(cosh(Zg) +1),
A A w w w
TN 2o 2

w? — A? w

2Wer— A

Vwr —A?

-T2 Ty

o AAT:

Acs + ws® = %smh(ﬁ) + g(cosh(ﬁ) — 1),

_ A A W w W
2V 2 WP A2 2]
_ VWA w
N 2 2
Substituting back:
w2 —-A2 w w2 —-A2 w
H= — =) AAf ) )
O BT A G S
2 A2 /02 — A2
_< ~ 5 —g> (ATA+ (A, A7) + (“’T+g> AfA,
:mAUH( “’2‘A2—f)
2 2 )7
ey o | G e
2

Now define Q = vw?2 — A2 and FE = —%:

H=QATA+E|

If we consider w? < A2, the coefficient  of the Hamiltonian becomes imaginary and
the operator stops being Hermitian. This leads to an unphysical Quantum system, and
it is not stable.
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Q5 Fourier Transform.
Questions:
a) Show that

1
E— Y2445

2mp

G(f/,f):<l?\/ f>7

d3k 1 sy
=_92 ik-(Z—2")
mR/ O ET ’

1 .
) +igR
e 47TR6 ’

2

where R = |7 — 7’| and E = 31—.

b) Show that “— and -+ is a pair of (3D) Fourier transform.
r k24+m

Solutions

a) First, we have to understand the notation. Let L be an operator acting on some Hilbert
space. Let G be the Green operator defined by

LG =1,

where 1 is the identity operator. This means that for any state |f), LG |f) = |f). Now,
let’s project into the position basis:

(@'[LG|f) = ('] f) = f(&).
We can use resolution of the identity [ |z) (z|dx =1 and insert it in the middle:
WILG1f) = [ do @|LG) el
— [ 4 (@ILGla) o) = ).

This implies that (z'|LG|z) = §(a’ — x). As this is the property that defines the Dirac
Delta distribution. Let’s define:

G(z,2) = (z|Gl2)
and then consider
/|LG) = [ dy(&'|2ly) tiG1o).

:/Hmwuwawm»
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The matrix element of L is (2/|L]y) = Ly0(2" — y):

(#/|LGlx) = / dy Lod(2' — y)Gly, 2).
= L.G(2, x).

Therefore, L,G(2',x) = 0(2' — x). Given that G is the “inverse” of L, in the operator

sense, we can also write
1

).

(2/|Glz) = <x

This is still valid in 3-dimensions:

Gz, %) = <f"G‘:E’> = <:(7/
And we now have a concise picture of what

—/ —

Now, define the 3-dimensional Fourier transform of G(z"', ¥) as

1
E— =244

2mp

refers to.

G(k) = / & e FEIG(E 7).

Transforming it back:

—

G(z', %) = / dg—keik'(f*fl)é(k)

) @np '
If we substitute this inverse Fourier transform version all the way back to the start,
the derived properties would be intact. But we would have the inverse of the effect
of L, on the exponential eik@=)  For example, if the operator was V2, we would
have (Z.)+]€2, as V2eiF @) = (ik)2. Therefore G(k) is exactly — in this case. The
notation of having the operator in the denominator helps us compute these quantities
in a more straightforward way. Without having to rely on inverse of operator which

involve integrations to find if we are in the position basis.

Now to solve the actual problem, let L = FE + BARIPPY

2mp

d3k eil?-(:f’ff’)
Gl . 7)) =
(«'E 7«T) /(27T)3E—%:|:7,57

5 d3k eil}'-(fff’)
- mR/ (27)3 —2mpE + k2 F i’

) d3k eiE-(a?—a?’)
- mR/ O eI
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Where we have defined used E = % and used the fact that ¢ tends to zero, therefore
it doesn’t care about any additional constants. To solve this integral, we can change
into spherical coordinates d3k = k? dQ dk, where dQ2 = sin(f) df d¢ and we align the

k,-axis with the vector B = # — & such that the following dot product is true:
= |K||R| cos(8) = kR cos(d).

We continue with the computation:

G(R) = —2mn / ood / d6 sin (@) PR eos(®) / 2Wd¢
(2m)% Jo —q $25 0 0 ’

2mp /Oo / ikR cos(6
=— dk df sin(f)e’ cos(6)
(2m)* Jo q k2 —qFis 0
2mp [ kR
= - dk kR 4
(2m)? /0 - Fid “
_ 2mg /°° k? 2Sln (kR)
212, k2 —q¢®>¥id kR
__ 2mg /°° ksin(kR)
212R J, k? — @ Fid’
_ 2mg /°° ksin(kR)
- 4m?R k2 —q2Fid

In the last line, we have used the fact that the whole function is even. Because k? is
even, k is odd and sin(k) are odd, so their product is even. Then we can extend the
integral to cover the whole real line for k. Now, we can use Fid to apply the residue
theorem. As we have moved the poles away from the real line, into the complex plane
using that quantity. But we have a problem, to select a contour we should be able to
choose one of the half-planes; where the function vanishes at the bigger the contg_yr is on

that plane. But sin(kR)k blows up at either plane. Given that sin(kR)k = k*—F+—,
and R € RT, each tends to infinity on each plane. Therefore, we must analyze each

exponential separately. Let
00 k,eikR
J(R) = _.
Notice that now everything inside the integral except the exponential is odd. If we let
R — —R we get:
00 kefikR
J(=R) = / :

o k2 =2 F i’

o) keikR

now let &k — —k,
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Now back to the main integral:

2mp [ ksin(kR)
G(R) = — k——71i——
() 47r2R/OO k2 —q2Fid’
QmR 1
. QmR 1
© 4m2Ri I(R),
. 2mR /oo keikR
 4mRi ) K2 —@2TFid’

Now we can select a plane to close the contour. Let & = = + iy:

kR i(z+iy) R _

e —e ixR_—yR

€ (&

at positive y (upper plane), the exponential decays and tends to zero. At negative y
(lower plane), the exponential tends to infinity. Therefore we musts close at k with
positive imaginary part. Now onto analyze the poles. We have two cases:

o k2 — ¢ —id:
k? = q® +i6 — k1o = /g2 + 0.

We see that ky ~ ¢+ i and ky =~ —g — 10, given that § tends to zero. So, k; is in
the upper plane and k5 in the lower. We must compute the Residue with k;. Also
notice that ky — ky = 2k; = 2¢ in the limit.

2mp . kettR

D) _

G(R) 47T2RZ( ﬂ-l) Reskfkl |:(k’ — k’l)(k' — ]{?2) 3

2mR N e keikR

— TR (o) Tim (k — k
Tz ) i (k= k) ((k; "k (k—ka) )
2mp N 1 ket R

= — 2 |
R ) ((k: - k2)> ’

2mp o ket E

= ——C2mi) (| —— ),
472 Ri (kl - kg)
2mpg [ qe 't

— _ MR o
R m)< 2 )

ZmR eiqR
4R '

o k2 —q¢*+id:
]{]2:q2—’l’5%]€172::|: q2—2(5

We see that ky ~ ¢ — 10 and ky = —q + 10, given that § tends to zero. So, ks is in
the upper plane and k; in the lower. We must compute the Residue with ks. Also
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notice that ky — k1 = 2ky = —2¢ in the limit.

) 2mR . keikR
U =~ ) Reseos | =S
2mR N keikR
__ 2ri) lim (k —
gy ) i (k= ko) ((/f — k) (k — ’f2)> ’

_ 2R (o) Tim ket
B A = AN

2mp A koetkel
_ MR gy (R
472 R (]{32 - ]{31)
2mpg [ —qe "
=——(2
R ( —2q ) ’

= — M_Re_lqR
4R '

Finally, we can group both results to finish the question:

—9 ,
Gz’ %) = T”;eilqR .
T

b) To prove that these functions are a pair of (3D) Fourier transform, we must show that
Fourier transforming one gives the other one and vice-versa.

e FT 47

KT rm?

Bk AreihT 1 [ dxk® [T . 2
_ de —— 2~ d0 sin(6 ikr cos(0) / d
| e = o ), W [, @ [,

2 o) kQ 1 ]
- dk—/ dg e

272 J, k2+m? J_,
1 /°° k% 2sin(kr)
oo K24+m?2 o kr

2 [* Eksin(kr)
el M ey

1 [ ksin(kr)
ar ) K24+ m?
We can see that this integral hast the same structure as before. The only difference
is that the poles are in the imaginary line, k* +m? = (k —im)(k +im). Therefore,

we can apply the same strategy: divide sin(kr) into two integrals and decide on
which half of the complex plane we want to close the contour integral. Let

J(T):/Ooke—“ﬂ“

o K2+ m?
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Everything inside the integral except the exponential is odd. Let r — —r:

J(—r) = /Oo ke

o k2 +m?’

J(—r) = —/OO ke ),

o k% 4+ m?

and let £k — —k:

Back to the original integral:
1 [ ksin(kr) 11

o) rm w0 e
1
— 5 [I() + I,
= ),

1 o Letkr

- 2 2
mir J_ k*+m

As before, the integral will only converge when we close the contour in the upper
half plane (y > 0):

ezkr _ ez(x-‘,-zy)r — i o—yr

Therefore, we pick the pole k = im:

1 o) keikr 1 omi R keikr
— —— = —2miReSp—imn, | 5—— |,
wir J_o K2+ m2  mir P B2 4y
1 keikr
o i (ke —
i kgzlrln< im) <(/€ —im)(k + Zm)) ’

2 ) ( keikr )
= — lim - ,
r k=im \ k +1im

o7 2im ’

Therefore:

Bk AmekT  emmr
(27)3 k2 + m? ro|
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mr

o IFT &

T .

—mr - 00 2 ,—mr T ] 27
/dgre e kT —/ dr =€ / d@sin(@)elkmos(e)/ do,
r 0 r 0 0
o] 1
= 27r/ drTe_mT/ dx e~
0 -1

o 2 :
= 27T/ dr Te_mTM,
0 kr

4 o0
S dr e ™ sin(kr).

k- Jo

To finish this integral, let us proceed by integration by parts: [udv = uv— [ v du.
Let u = sin(kr) and dv = e™™". Therefore, du = k cos(kr)dr and v = <.

4 o 4 e ™ sin(kr) | 4 o
il dre ™" sin(kr) = dme ™ sin(kr)| 7 _ 4m e """ cos(kr)dr,

k Jo k m 0 m J,
_ Ar {cos(kr)e‘mr > N /°° ke=™" sin(kr) dr] |
m m 0 0 m
4 1 k[~
- = {—— + — e " sin(kr) dr} :
m | m mJ
4 Adrk [
= i/ e " sin(kr)dr.
m?2  m? J,

Notice that we have the same integral on both sides, which we can move to the
left-hand side and factor out the constants:

4 k2 o 4
% (1 + ﬁ) /0 dre ™" sin(kr) = m—z,

4 2+ k2 o 4
%(mn; )/0 dre’mrsin(kr):m—z,

dr [ 4 m?
? ; dre Sln(kr) = Wm

Therefore:

= 4
d3 —mr —ik-r — i
/ e ¢ k2 + m2

Proving the claim.
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Q6 Gauge Transformation

Questions:

Consider the QED Lagrangian:

1

£(2) = P) (10, —m — e A, ()(w) — () Fun ).

where

F,=0,A,—0,A,.
a) Derive the equations of motion for ¢ and A, fields.
b) Under a gauge transformation

P(a) = e Dy(x)

with a(x) being a scalar field, how should A,(z) transform in order to preserve the
Lagrangian? I.e.

L — L.
¢) work out the Noether’s current for the gauge transformation and show that it is con-
served.
Solutions

a) To derive the equations of motion, we make use of the Euler-Lagrange equation for

each field:
oL oL oL oL
—_— aa T — 0, - — 8 s — — 0
9% (a@w)) oA, " (a@ﬁAa))

Noting that we have to use () in the EL-equation to obtain the Equation of motion
for .

We compute each term:

oL
El (19" 0y —m — ey Ay ()Y ()
oc
9(0ut))

No derivatives of 1(z) present in the Lagrangian. Therefore the EL-equation reads:

0= & O <a_,c_> ,
o 9(0at))

= (i7"0, — me)Y(x) — ey* A, (x) ().
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| (Y0, — me)(x) = eyt Ay (x)(x) |

oL o —
o4, ~ “oa, N AE(@),
= —eip (x5 (),
= —eip(z)y* ().

For the last derivative, first compute:

FR(2)Fu(z) = (0,4, (2) — 0,A,(2)) (0" A" (x) — 0" A*(z)),
= 9,4, (2)0"A ( ) — 0, A, (2)0” A" ()
— 0, Au(@) 0" A (x) + 0, Ay (2)0" A (),
= 2(8, A, ()0 A () — D, Ay (2) 0" A ().

Where we have renamed the summed indices in the last two terms of line 2. And now:

oL 1 0

oAy~ 19,4y FeDF (@),

1 9 v v
_ —§m(8w4y(a})8 A" (x) — 0,4, (2)0" A'(2)),

1
= —5[55533“Ay(93) + A (@) = 883 0" AM(x) — 9, A, ()™ ],
_ _%[aﬁAa(;p) 4 9P A%(z) — AP (z) — 0" AP ()],

= —[07A4%(x) — 9" A% ()],

= —FP(x).

Therefore, the EL-equation reads:

oL oL
0=ga, % (a@aAa)) ’

= —ey(2)y"Y(x) + 0517 ().

L 9sF™ (2) = ed(x)y (@) |

b) First, expand the parenthesis in the Lagrangian to see more explicitly each term.

1

L = ()70 (x) — mip(2)y(x) — ed(a)y" Au(x)v(z) — 7 L (2)E™ (2).

Apply the transformation to each term in the Lagrangian. With
Ou(e”P(a)) = [~idua(z)y () + dutb(z)] e,
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We automatically notice that all terms except the one that contains the derivative
of ¥(z) will remain the same, as e (@) is just a number and commutes with any
matrix quantity. Therefore, we just have to analyze that derivative term along with
the coupling term to determine how A, (z) should transform.

’Km— O ()79, (€7@ () — ee ()AL () (e,
it O @P(2)# [—id,alz)d (@) + 0(@)) e W) — ef(a)y AL () (x)
w< )0u0(2) () + ()7 Db () — ()" AL () (),

= (e () — ()" | AL () — ~Dalx) | 6(x),
= Licin = i(2)7"0u(x) — i ()7 A, (2)(2).
Therefore,
Aule) = Ay () = 2 B,0()

LA () = Au(z) + é@ua(m).

To ensure this is consistent, we check that the field-strength term is already gauge-
invariant. Consider

(A, (2) = 0,4, (x) + 20,0,0z).
L (@) P (2) = (0,40 (@) — 0,4, (1)) (0" A" () — 9 A% (z)).
_ (aﬂAym + éf)u&,a(x) 0, A (x) — éayaua@)) «
X ((‘9“A”($) + é@“@”a(w) — 0" A*(x) — é@”@“a(w)) :

= (Ou Ay () — 0" A" (2)) (" A" (2) — 0" A" (),
= F,, ()" (x).

Mixed derivatives commute (9,0, = 0,0,). So we see that indeed, the transformation
is correct and A, (x) should transform as:

Ay(x) = Ay(x) + éaua(x) )

c) To compute the Noether Current for a gauge transformation, we can use the Global
Transformation version (Aldrovandi & Pereira, 2019). But keeping in mind that al-
though this is a conserved current, it is not an observable because of gauge redundancy:

o _
Ja D) b
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Here, we just have one generator of the U(1) group, therefore we have no a indices. And
this is an internal symmetry, therefore % = 0. The form functional form (Aldrovandi
& Pereira, 2019) is defined as

00i(x) = ¢i(w) — di(x).

Which reflects a change in the fields at the same point in spacetime. Here ¢}(x) =

emi@() and T (x) = e+ (a).

op(z) = (e7 W — 1)y(x) ~ —ia(z)(x),
0)(z) = (€+ia(x) — Dp(z) = +ia(z)y(x).

Which leads to:

0 (z) .
60{ - _Z¢(x>
op(z) | -
5o = +ip(z).

We have to sum over all fields ¢; in the Lagrangian. But the Lagrangian only depends
on the derivatives of ¥ (x). This simplifies the current to:

Therefore
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