Hadrons Fall2023
HW4 due 30/01/2024

(42 points for handing in on time)

Q1 SU(2) Transformation for Composite Operators.

e a) Given the vector (V) and axial vector (AV) transformations

q— e—ia‘(, T“q
g — e Neav T,
work out (to leading order in a’s) the transformations of the operators
pl = q(x)q(x)
and
p2 = 2iq(x)y57%q(x)
under V and AV.

e b) Construct the transformation rules for o and 7 fields such that

q(z)(o = 2im57%)q(x)

is invariant under V and AV.

Q2 Model of Resonances.

A simple model of the scattering matrix S for a resonance exchange is given by

S = e =1+ 2iqf(s)
K(s)
f(s) = :
s—mi, . —2(s)
where §(s) is the scattering phase shift, f is the scattering amplitude of a

resonance exchange. The proportionality constant K is irrelevant but can be
worked out:

where ¢(s) is the COM momentum.
e a) Prove the identity:
e =1 + 2isin(d)e®


https://hadrons.netlify.app/lecture1/

e b) Write down an expression of the phase shift in terms of 3(s).

e ¢) The self energy of a P-wave resonance, after a (rather tedious) QFT
calculation (with some additional manipulations), gives

92 1
ER(S):fﬁ . dr A InA

A=am?+ (1 —z)m3 —2z(1l —z)s —if.

Show that the imaginary part reads

Imy Lo(tp 0(v/s )
m = —— — — — .
R=737\29 15 e

(Compare with Q2 in HW2, a ¢(s)? factor naturally emerges!)

o d) Adjust the two parameters: mpare and g2 such that the model qual-
itatively describes the A(1232) resonance. Plot the result against

N

Q3 Zeta Functions

e a) The Riemann Zeta function is defined as

Cals) = %
n=1

Show that

d oo
%CR(S”S_W) = 77;1 Inn
= —trlnR7

where R is an operator with eigenvalues n =1,2,3,....

This allows a generalization of the definition of Zeta function for an arbitrary
operator O (with eigenvalues A,,) via

1
Cols) = Z Y
A, n
and

5(0) = —IndetO.



e b) Consider (again! HW03 Q3) the integral

I:/ %ln(pi—&—wZ):Div.—i—w.

oo 2m

Use the Riemann summation to show that

T = Ap x IndetD
= —Ap x (5 (0).
where the operator D has eigenvalues

(2mnAp)? + w?

with n being integers

n=—00,...00
e ¢) Show that
1 = 1
N )
CD(S) w2s + mz;l [(27mAp)? + w2
1

=5 T2 Cals).
where the operator A has eigenvalues
(2rnAp)? + w?

with n being integers
n=12,...00.

e d) Derive the following expression:
IndetA = ¢4(0) In[dr?(Ap)?] — 2 C5(0) +In — ==

o e) Using the fact that

7(0) = —%
G4(0) = — 5 In(2m),

verify (finally!) that



T =—ApxCs(0)

= W.

Note that the divergent part derived previously disappears!

Q4 A simple model of SCSB.
Consider a 4-fermion interaction model
7 = /D’(ﬁD’lLef P (iy-0—m)Y+G (TZTP)Q.

Note that the integral is over an Euclidean space time.

e a) Prove the relation

2 _
=N / Do of (-ootv—tmio?)

and with this rewrite the 4-fermion interaction model as

Z_>/l)a_elnZp(MF:TrLJrga)ff%777%;0’2

where Zp(Mp) is the partition function for free fermions

where V4 = BV is the Euclidean 4-volume. Identify G in terms of g and mg.
Notice the similarity with Fermi coupling constant for weak interaction.

e b) Suppose the functional integral over ¢ is dominated by a certain &,
such that

7 — /DO’ eln ZF(MF:m+ga)—f %méa2 ~ 67V4I‘(5).

Derive a condition for I'(¢) based on the steepest descent. This is called
the gap equation.

e ¢) Solve the gap equation numerically. (You may set g =1.) Plot o/A
versus G for m = 0 and m # 0. Derive an analytic expression for the
critical coupling for the former case. What is the order of the phase
transition?


Pok Man Lo


d) Find an explicit expression of the condensate via

0 InZ

(Yy) = “om Vi

Verify that the condensate is negative. In the model, one can compute it
via

- aimr(w},m) + (aagf(“ m)g;) o=(0)’

Explain why the second term will not contribute and relate the condensate
to o. (This is model dependent!)
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